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Abstract—Hyperspectral unmixing has been widely used as
a technique to interpret hyperspectral data, and to uncover
information regarding pure materials and their distribution in
an image. A major challenge when unmixing these images is the
variability in the spectra of the pure materials (endmembers).
Under the linear mixing assumption, several models have been
proposed to mitigate this effect, such as the scaled linear mixing
model (SLMM) and the extended linear mixing model (ELMM).
While the SLMM is often an oversimplified model, leading to
significant modeling errors, the ELMM leads to highly nonconvex
optimization problems with many non-unique solutions, making
it difficult to solve. In this paper, we propose a new two-
step linear mixing model (2LMM), which is rich enough to
describe hyperspectral variability in a wide variety of cases,
while leading to only mildly nonconvex optimization problems
that are easier to solve. Using an off-the-shelf interior-point
solver, we show that the model performs well and produces
better abundance estimates than both the SLMM and ELMM. A
MATLAB and Julia demo of the proposed method can be found
at github.com/XanderHaijen/two_step_lmm.

Index Terms—hyperspectral image processing, hyperspectral
unmixing, spectral variability, two-step linear mixing model,
extended linear mixing model, scaled linear mixing model

I. INTRODUCTION

Since the hyperspectral signatures of the materials present
in hyperspectral images, called endmembers (EMs), can vary
significantly due to, e.g., atmospheric conditions and illumina-
tion differences, researchers have developed a wide range of
methods to incorporate this so-called spectral variability into
the unmixing process. Over the past years, several approaches
have been proposed to mitigate the effects of hyperspectral
variability. For a recent overview, we refer to [1].

A first popular approach, which has gained traction in
recent years, is the use of deep learning models. Spectral
variability is modeled using deep neural networks, such as
autoencoders (see, e.g., [2—4]), attention networks (e.g., [5])
and convolutional neural networks (e.g., [6]). Since no explicit
model is imposed on the variability, deep learning methods
are powerful unmixing tools. However, they suffer from high
training costs, they lack interpretability and explainability,
and their solutions are not physically motivated. This is why
considerable research effort is spent on the study of parametric
physics-inspired methods.
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The idea of using parametric methods is to model the
hyperspectral variability using certain physical parameters.
One such model is the PROSAIL model [7], which mod-
els the optical properties of plant leaves as a function of
several biochemical parameters, such as water content and
pigment concentration. Another model, the Hapke model [8],
is the community standard to tackle the effects of topographic
conditions, describing the reflected spectra as a function of
the incident and reflectance angles. In general, these physics-
based models are very complicated, making them extremely
hard to invert. In the context of spectral unmixing (SU), this
leads to ill-posed optimization problems. This has motivated
the development of physically motivated, rather than physics-
based models [1]. Models that account for spectral variability
in the linear mixing model (LMM), are the scaled LMM
(SLMM), the extended LMM (ELMM) [9], the generalized
LMM (GLMM) [10] and the perturbed LMM (PLMM) [11],
among others. The latter three models, however, tend to lead
to highly nonconvex optimization problems when performing
SU, making them extremely challenging to solve.

In this paper, we propose a new linear mixing model, a
two-step LMM (2LMM), which is a trade-off between model
complexity and computational tractability. The model can be
used to model illumination differences under the linear mixing
assumption. The model, and the proposed unmixing method,
are validated and compared to well-established unmixing
methods based on the SLMM and ELMM.

II. LINEAR MIXING MODELS

The linear mixing model assumes that each measured
spectrum (x,, € RP”,n = 1,...,N) is a result of the linear
combination of endmembers and their fractional abundances:

K

X, =Y anier = Ea,, )
k=1

where N is the number of pixels, P denotes the num-
ber of spectral bands, K denotes the number of end-
members, E € RP*X denotes the endmember matrix, and
ep,k=1,... K denote individual endmembers. The frac-
tional abundances satisfy both the abundance nonnegativity
constraint (ANC) and the abundance sum-to-one constraint
(ASC). Under the linear mixing assumption, the abundances
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are directly related to the relative area covered by an endmem-
ber in a pixel.

The scaled LMM models spectral variability as a pixel-wise
scaling. Let s,, > 0 be pixel-dependent scaling factors. Then
the model reads:

X, = s, Ea,. 2

Both the LMM and the SLMM are commonly solved using
least-squares unmixing (LSU). For the LMM, this leads to the
so-called Fully Constrained LSU (FCLSU):
1
min = ||%, — X, |3
an 2 3

s.t. a, € RY (ANC), 1Ta, =1 (ASC)

where X,, denotes a measured spectrum and ]Rf denotes
the K-dimensional nonnegative reals. For the SLMM, the
ASC is omitted, and the abundances are obtained using a
normalization post-processing step. Let a,, denote the non-
normalized abundances, then s, and a,, are given by:

i a

Sp = dnk> ap = . (4)
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This method is called the (partially) constrained LSU (CLSU).
Both FCLSU and CLSU are convex and independent for
each pixel, and can therefore be solved efficiently and in a
parallelized way. However, the models are not rich enough
to describe the spectral variability in many cases. Therefore,
a model using endmember-dependent scaling factors was
proposed in [9], called the extended LMM (ELMM). The
ELMM allows for each individual endmember to be scaled
differently in every pixel. Let S,, € Rf . be pixel-dependent
scaling vectors, where Rf . denote the K-dimensional strictly
positive reals. Then the model reads:

x, = E, diag(S,)a, )

where diag(-) is the diagonalization operator, and E,, is a
slightly perturbed version of the reference EMs E, which
models additive perturbations.

The ELMM is better able to describe scenes with more
complicated spectral variability. It can also be shown that it
has a link to the Hapke model [12]. For solving the model
using LSU, the authors in [9] propose decoupling the vari-
ability and abundance estimation, adding several regularization
and smoothness-enforcing terms, and using an Alternating
Nonnegative Least-Squares (ANLS) approach combined with
an Alternating Direction Method of Multipliers (ADMM) for
updating the scalings and abundances. This is an iterative
procedure, that will terminate when some heuristic conver-
gence criterion is met. The resulting unmixing method is
highly nonconvex, meaning that the ANLS only guarantees
convergence to a stationary point, i.e. a point where the
gradient of the nonconvex cost function is zero, and not to
a minimum. Furthermore, the solution is non-unique due to a
scale invariance in the model. Indeed, if we multiply a,; by a
scalar o > 0 and S, by a scalar é, the result will not change,
but the resulting abundance estimate might be worse. This can

happen for any pixel-endmember combination, so it introduces
an N K-dimensional subspace of the total search space where
the solution will not change, but the abundance estimation
accuracy might. Several other models in the same vain exist,
such as the Generalized LMM [10] and the Perturbed LMM
[13]. They all have similar issues to the ELMM; they lead to
complicated and nonconvex optimization problems, and as a
result they cannot guarantee convergence to a minimum of the
objective function.

III. PROPOSED METHOD
A. Two-step Linear Mixing model

We propose a new linear mixing model, which, in terms of
complexity, is situated between the SLMM and the ELMM,
and which we call the two-step linear mixing model
(2LMM). Assume the reference endmembers are given, either
extracted from the image, or provided from a spectral library.
In a first scaling step of the 2LMM, the individual endmembers
are scaled differently, but the scaling of an endmember is the
same for the entire image. Then, after mixing, each individual
pixel is again scaled in a second scaling step. We introduce
an endmember scaling vector Sg € Rf ., which represents
an image-wide, endmember-dependent scaling, and an image
scaling vector Sx € Rf 4 which represents the pixel-dependent
scaling. As a result, the n-th pixel is given by

Xp = anEdiag(SE)ana
or, alternatively, for the entire image
X = Ediag(Sg)Adiag(Sx). (6)

B. Unmixing algorithm

For performing unmixing, we use the LSU framework on
the image level, since the problem is not separable for each
pixel due to the presence of the image-wide scaling factors Sg.
Secondly, we drop the ASC and combine the term Adiag(Sx)
into one matrix Ag during optimization. Afterwards, we re-
cover both terms by using a normalization step as in (4). This
leads to the following optimization problem:

min ||X — Ediag(Sg)As|/%
Se.As (N
st.0<Ag<S, S<Sg<8S.

Here, the numbers S and S denote user-provided and fixed
lower, respectively upper bounds for the scaling factors, where
S €R, and S € R, . In general, they can be different for
each scaling factor, but in this paper, we keep the bounds
the same for all scaling factors. Since the problem is not
separable, we cannot use the parallelized technique that is
commonly used in CLSU. Instead, we propose using an
interior-point algorithm to directly solve (7), without adding
any regularization terms. Interior-point algorithms iteratively
solve the barrier problem, where the constraints are added
to the objective function as penalty parameters that approach
infinity as the argument value approaches the boundary of the
feasible set (see [14, Chap. 11] for a general discussion). For



the experiments, we use the Ipopt solver, which is an open-
source general-purpose nonlinear solver that uses the interior-
point algorithm at its core [15].

Even though the problem is nonconvex, it is only mildly
nonconvex in the feasible set if the bounds S and S are
physically meaningful, so we can find a good solution with
relatively low effort. The number of parameters to be estimated
is NK+ N+ K, which is a significant decrease from the 2N K
parameters which have to be estimated for the ELMM. The
scale invariance is also still present, but it is of dimension
N + K, which is far lower than in the ELMM. Secondly,
compared to the SLMM, the 2LMM possesses richer modeling
capabilities, so it can model more complex cases of spectral
variability. Lastly, the choice of a good initialization is not
crucial, and it does not affect performance, in contrast to the
ELMM, where the ANLS approach is initialized using the
abundance estimates from CLSU.

IV. EXPERIMENT: DLR HYSU DATASET

In this section, we compare the performance of the newly
proposed 2LMM to four unmixing methods: the LMM solved
using FCLSU, the SLMM solved using CLSU, the ELMM,
solved using the ANLS approach from [9], the ELMM, in
which the ANLS method is initialized with uniform abun-
dances % instead of the CLSU abundances. To distinguish
between the two ELMM-based methods, we will call them
warm-started ELMM (WS-ELMM) and cold-started ELMM
(CS-ELMM), respectively. The proposed model (2LMM) is
solved using Ipopt and [S, S] = [, 5].

As error metrics, we use the abundance Root Mean Square
Error (RMSE), which we denote by RMSE4, ,:

N
1 .
n=1

and the reconstruction spectral angle distance (SAD), which
we denote by SADx (in degrees):

Xp * Xp
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A. Unmixing with known endmembers

For the experiment, we use a 13 x 16 sub-image of the DLR
HySU dataset [16], which consists of five materials arranged
in a checkerboard pattern on a grass field, which is shown in
Fig. 1. Since there is no spectral variability to be expected in
this scene (a flat field), the abundances of the scene can be
accurately estimated using FCLSU and using the endmembers
E, provided with the dataset. We consider the abundances
obtained using this method as the ground truth abundances
A, shown in the first row of Fig. 2.

1) 2LMM-generated variability: Then we generate N + K
uniformly distributed scaling factors S ~ U([3;3]) to con-
struct scaling vectors Sg and Sx. We choose bounds that are
slightly different from [S, S] to show that the method does not

Fig. 1. RGB image of a subset of the DLR HySU dataset, with five materials
arranged in a checkerboard pattern on a grass background (sixth material).

require S and S to be chosen perfectly in accordance with the
image. We then generate the image matrix as

X = Eqdiag(Sk)Agidiag(Sx) + ex,

where ex is normally distributed noise with an SNR of 60 dB,
and perform unmixing on this image using the four methods
mentioned above.

The resulting RMSE, and SADx are shown in Table
I along with the required computation time. The 2LMM
performs best in terms of abundance estimation, which is the
quantity we are interested in. For the SLMM, we can expect
some model mismatch, leading to a higher error. However,
the ELMM is a sufficiently rich model to describe any scene
following the 2LMM, but it fails to do so accurately. The
results of CS-ELMM are useless, indicating the importance of
a good initialization for the ELMM-based method.

TABLE 1
RESULTS FOR THE DLR HySU EXPERIMENT WITH 2LMM-GENERATED
VARIABILITY.
[ model | RMSEy,  SADx At (s) |

LMM 0.3898 13.384 0.38

SLMM 0.0458 2.0976 0.38

WS-ELMM 0.0453 2.0965 1.84

CS-ELMM 0.2739 2.1041 2.79

2LMM 0.0203 2.0980 7.10

2) ELMM-generated variability: We repeat the above ex-
periment, but now with the variability generated accord-
ing to the ELMM. As before, we generate scaling factors
S ~U([3;3]). Now, we generate NK of them, and construct
N scaling vectors S,. We do not introduce any additive
perturbations on the EMs. The pixels are then generated using

X, = Eodiag(Sn)agtm +ex,,

with e, a noise term with an SNR of 60 dB. Since the
scaling terms can now vary significantly between pixels and
endmembers, we can expect a modeling error when using
the 2LMM and SLMM. The resulting RMSE,, SADx and
computation times are shown in Table II. The SLMM is the
best performing method in terms of abundance error. As a
result, WS-ELMM also performs well, since it is initialized
with the SLMM estimates. The results of CS-ELMM show that
the good performance of WS-ELMM is almost entirely due to
the SLMM initialization. The 2LMM has an abundance error
that is about 0.5% worse than the SLMM and WS-ELMM,



TABLE II
RESULTS FOR THE DLR HySU EXPERIMENT WITH ELMM—-GENERATED
VARIABILITY

[ model | RMSEy  SADx At (s) ]
LMM 0.2896 10.097 0.37
SLMM 0.0512 2.1879 0.38
WS-ELMM 0.0513 2.1874 1.10
CS-ELMM 0.2898 2.1906 2.68
2LMM 0.0567 2.1881 5.27
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Fig. 2. Ground truth abundance maps (GT) and abundance maps for

five unmixing methods on the DLR HySU dataset with ELMM-generated
variability. A bright pixel means a large abundance.

even though there is a considerable model mismatch between
the data and 2LMM. The resulting abundance maps are shown
in Fig. 2, where it can be seen that the results for SLMM,
WS-ELMM and 2LMM are very similar, while the other two
methods produce large errors. This indicates that the 2LMM
still performs quite well when the model assumptions are not
met.

B. Blind unmixing

In this experiment, we do not use the EMs that are provided
in the dataset, but we extract them directly from the image.
This represents the case of blind unmixing, where the EM
signatures are not known beforehand. Since there are plenty
of pure pixels in the DLR HySU dataset, we use a pure-pixel-
based EM extraction algorithm, namely VCA [17]. Since the
data contains scaling variability, we expect the VCA algorithm
to extract scaled versions of the actual reference EMs Eg [18,
19]. We use the same image as before, with ELMM-generated
variability. The extracted EMs are shown in Fig. 3.

We then performed unmixing as before, but now with the
extracted EMs instead of the ground truth EMs. The results
are shown in Table III. 2LMM is the best-performing method,
slightly better than SLMM and WS-ELMM, even though the
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Fig. 3. Reflectance spectrum of extracted (solid blue) and ground truth (red
dashed) EMs, as a function of the wavelength (in pm). Both lines are nearly
identical up to a scaling factor.

TABLE III
RESULTS FOR THE BLIND UNMIXING DLR HySU EXPERIMENT WITH
ELMM-GENERATED VARIABILITY

[ model | RMSEy,  SADx At (s) |
LMM 0.3036 11.361 0.36
SLMM 0.0631 2.1879 0.37
WS-ELMM 0.0629 2.1879 1.71
CS-ELMM 0.2547 2.1891 2.61
2LMM 0.0567 2.2699 3.38

data is generated to conform to the ELMM. Again, we observe
that WS-ELMM fails to provide a meaningful improvement
over its initialization, SLMM. This highlights the efficacy of
2LMM in a blind unmixing setting, even when the model
assumptions are not met.

V. CONCLUSION AND FUTURE WORK

In this paper, we proposed a new linear mixing model,
called the two-step linear mixing model (2LMM). It is a trade-
off between richness and complexity, as it is a richer model
than the SLMM, and simpler than the ELMM. This allows
it to model a quite broad class of scenes containing spectral
variability, while avoiding the highly nonconvex optimization
problems associated with performing unmixing using the
ELMM. We proposed using an off-the-shelf nonlinear solver
for performing unmixing, and have shown that the resulting
abundance estimates are competitive to or even better than
those produced by SLMM- and ELMM-based methods, even
when the 2LMM model assumptions are not met.

In future work, we will test 2LMM on larger images, and
design more efficient solving techniques which will reduce
the computational burden of the method. Secondly, we will
investigate extensions of 2LMM to blind unmixing without
the pure pixel assumption.
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