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Abstract

In this article, the feasibility of using optimal control theory is studied to develop control theo-
retic methods for personalized treatment of HCV patients. The mathematical model for HCV
progression includes compartments for healthy hepatocytes, infected hepatocytes, infectious viri-
ons and noninfectious virions. Methodologies are used from optimal control theory to design
and synthesize an open-loop control based treatment regimen for HCV dynamics.
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1 Introduction

Viral diseases are major causes of human mor-
bidity and mortality worldwide. Global health
promotion, therefore, requires the establishment
of evidence-based interventions at the individual
and population levels aiming at the prevention,
treatment and control of viral infections. The
design, implementation and impact of such ac-
tions depend on a broad understanding of not
only host-pathogen interactions in vivo, but also
of the intertwining environmental, social and
cultural cofactors that may contribute to viral
disease development. Multidisciplinary research
is thus needed for an effective response to be
achieved against these diseases.

Hepatitis C virus (HCV) infection stands out
among human viral infections for its current im-
portance in global public health. HCV is spread
primarily by blood-to-blood contact and affects
the liver. The infection is often asymptomatic,
but chronic infection can lead to scarring of the
liver and ultimately to cirrhosis. Up to 20%
of those with cirrhosis will develop liver can-
cer. The World Health Organization (WHO)
estimates that 180 million people worldwide are
affected by the hepatitis C virus. It is globally
the most common cause of liver cirrhosis, hepa-
tocellular carcinoma, end-stage liver disease and

liver transplantation.

The standard treatment for hepatitis C is a 48-
week program of weekly treatments with pegy-
lated interferon-alpha and ribavirin that is re-
viewed after 12 weeks and stopped if the patient
is not responding. The results of this approach
are mixed. Some patients are cured (sustained
virology response (SVR)), some appear to be
cured as the end of treatment but the virus re-
turns once the treatment has stopped (relapse)
while for others the treatment is not effective
(partial virology response (PVR)). This high-
lights the shortcomings of the current approach
of the pharmaceutical industry that could be de-
scribed as product focused. New products are
brought to the market and used as a standard
treatment for all patients. However, there is a
growing realization in the industry that there is
a need to move to a patient focused approach in
which the treatment is tailored to the individual
patient. The area of personalized medicine has,
indeed, been the focus of intense current interest
and vigorous research efforts. In essence, person-
alized medicine seeks to make optimal treatment
decisions for an individual patient based on all
information available for that patient, including
not only genetic and genomic characteristics but
also all demographic, physiological, and other
clinical factors, thereby allowing the right treat-
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ment for the right patient.

A precondition for getting better diagnostic
procedures and follow-up treatment plans for
HCV patients is to obtain better knowledge of
the pathophysiological states. One approach
to achieve this objective is via patient specific
mathematical modeling where knowledge of viral
kinetic, pharmacokinetic of the drugs, and var-
ious aspects of immune responses is integrated
to provide a more comprehensive picture of the
biology underlying changes in HCV RNA during
therapy. However, for the mathematical models
to be clinically relevant, they must be developed
in close collaboration with medical doctors and
be validated with clinical and laboratory data.
In addition, analysis can be performed on the
patient specific mathematical models to deter-
mine which data gives more information about
the system dynamics. Such information can be
used for designing better diagnostic and treat-
ment techniques, which in turn have potential to
be used for analyzing effects of a given treatment
for a given patient. Finally, mathematical mod-
els can also be used to predict what elements or
biological mechanisms should be studied in more
detail and what adjustments of behavior or med-
ical treatment can bring forward positive clinical
results.

The primary objective of HCV therapy is per-
manent eradication of the virus. Optimal control
theory, a mathematical theory for modifying the
behavior of nonlinear dynamical through con-
trol of system inputs, is a promising approach to
suggesting adaptive HCV treatment strategies.
In this research, we will study the feasibility of
using optimal control theory to develop control
theoretic methods for personalized treatment of
HCV patients. A potential problem to consider
in this area is whether there exists a drug treat-
ment schedule that can sustain a low viral load
and a healthy liver while minimizing the amount
of drugs used. In particular, it will be illustrated
how optimal control methodology can produce
a drug dosing strategy and how this treatment
strategy has features of Structured Treatment In-
terruption (STI). In STI type of treatment, the
drug cycles from on treatment to off treatment
(drug holiday). The STI type treatment has
been considered as an alternative type of treat-
ment for human immunodeficiency virus (HIV).
For HIV, there are several reasons to consider
an STI type of treatment strategy. First, this
type of treatment could potentially stimulate the
body’s own virus specific immune response. An
additional argument for treatment interruption
is with individuals with drug resistance strains.
A treatment interruption has the potential to

allow the drug-sensitive strains to out compete
the resistance strains [4].

2 HCV infection model

One of the first mathematical model of Hepati-
tis C viral dynamics was the model by Neumann
in 1998 [7]. Neumann developed the model to
study the antiviral effects of interferon-α (IFN).
The mathematical model is given by

dT

dt
= s− dT − (1− η)βV T (1)

dI

dt
= (1− η)βV T − δI (2)

dV

dt
= (1− ϵ) pI − cV, (3)

where T and I are respectively the concentra-
tions of healthy and infected hepatocytes, and
V is the concentration of viral load. Healthy
hepatocytes are produced at rate s and die with
death rate constant d. Cells become infected
with de novo infection rate constant β and, once,
infected, die with rate constant δ. Hepatitis C
virions are produced by infected cells per day
and are cleared with clearance rate constant c.
The possible effects of IFN in this model are to
reduce either the production of virions from in-
fected cells by a fraction (1− ϵ) or the de novo
rate of infection by a fraction (1− η). Before IFN
therapy, ϵ = η = 0. Once therapy is initiated,
ϵ > 0 or η > 0 or both. A major contribution
of Neumann et al. was their determination that
interferon acts through the ϵ mechanism rather
than the η mechanism, i.e, IFN acts by inhibiting
the production of visions [1].

Standard care of HCV has since evolved to in-
clude, in addition to IFN, the antiviral ribavirin,
which acts by rendering some visions noninfec-
tious. To study the response of hepatitis C to
this combined treatment, Snoeck et al.[11] fol-
lowed Dixit et al.[5] to extend the original model
of Neumann et al. to include a noninfectious
virions variable. The model is given by

dT

dt
= s+ rT

(
1− T + I

Tmax

)
− dT − βVIT (4)

dI

dt
= βVIT + rI

(
1− T + I

Tmax

)
− δI (5)

dVI

dt
= (1− ρ̄) (1− ϵ̄) pI − cVI (6)

dVNI

dt
= ρ̄ (1− ϵ̄) pI − cVNI . (7)

Here, VI represents the concentration of infec-
tious visions and VNI describes the concentration
of noninfectious virions. Another difference is the
addition of terms with coefficient r to model the
liver’s regenerative mechanism. The dynamics of
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this model after the end of treatment are of in-
terest, so Snoeck et al. include exponential decay
of the drug efficacies ϵ and ρ, which correspond
to IFN and ribavirin, respectively:

ϵ̄ = ϵe−k(t−tend)+ ,

and

ρ̄ = ρe−k(t−tend)+ ,

where tend marks the end of treatment, and

(a)+ =

{
a if a ≥ 0

0 otherwise
.

The steady states of the system were obtained by
Ransley [8] as follows:

Tu =
Tmax

2r

(
r − d+

√
(r − d)

2
+

4rs

Tmax

)
Iu = VIu = VNIu = 0

Ti =
1

2

−r2D

A2
+

√(
r2D

A2

)2

+
4rsTmax

A2


Ii = Ti

(
A

r
− 1

)
+ Tmax −

δTmax

r

VIi = ϵ∗ρ∗
p

c
Ii

VNIi = ϵ∗ρ
p

c
Ii,

where A = ϵ∗ρ∗pβTmax

c , ρ∗ = 1 − ρ, ϵ∗ = 1 − ϵ,

D = Tmax

r2 [A (r − δ) + r (d− δ)]. Here, Tu, Iu,
VIu, and VNIu denote the uninfected steady
states and Ti, Ii, VIi, VNIi represents the infected
steady states.

The Snoeck et al. model was validated against
clinical data [1, 11]. In the following, we will
simulate the partial virologic response (PVR)
in which the patient responds to the treatment
initially and then stops responding while still on
treatment. The parameters that correspond to
PVR are given in the Figure 1.

The initial conditions for our system are not
known and are difficult to determine clinically.
We followed [8] and took the initial conditions
to be equal to the infected steady states of the
model. The PVR simulation results are depicted
in the next 3 figures:

3 An optimal treatment for-
mulation problem

The problem of finding an effective multi drug
therapy might be formulated as an optimal con-
trol problem. Let us consider the following opti-
mal control problem:

Minimize∫ 224

0

[
(VI + VNI)

2 + I2 − T 2 + ϵ2 + ρ2
]
dt,
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subject to

dT

dt
= s+ rT

(
1− T + I

Tmax

)
− dT − βVIT

dI

dt
= βVIT + rI

(
1− T + I

Tmax

)
− δI

dVI

dt
= (1− ρ̄) (1− ϵ̄) pI − cVI

dVNI

dt
= ρ̄ (1− ϵ̄) pI − cVNI ,

where the components of state should satisfy the
initial condition

[T (0) I(0) VI(0) VNI(0)]
T = [Ti Ii VIi VNIi]

Here, the viral load V = VI + VNI and the con-
trol variables 0 ≤ ϵ ≤ 1 and 0 ≤ ρ ≤ 1 represent
the ”efficacies” of the drugs IFN and ribavirin,
respectively. The goals of the controls are to
maximize the healthy hepatocytes while mini-
mizing the viral load, the infected hepatocytes,
and the drug usages subject to the HCV dynam-
ics given by the system of equations (4).

The treatment is 32 weeks (224 days). The
optimal solutions depicted by GPOPS [9, 10]
in the next five figures showed that the optimal
control solutions successfully treated the patient,
i.e, sustained virology response (SVR), using a
treatment protocol that follows the pattern of
structured treatment interruption (that is, on-
off-type of treatment). The viral load goes to
zero very fast while the concentration of healthy
hepatocytes steadily increases and the concen-
tration of infected hepatocytes decreases to zero.
This same patient when treated with a continu-
ous dosage (ϵ = 6.1382×10−1, ρ = 1.2216×10−1)
of drugs IFN and ribavirin for 32 weeks only re-
sponded to the treatment partially (PVR).

To make sure that the patients remain cured
after the treatment has stopped, we simulated
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the HCV model after the treatment has stopped.
The simulated results, which are depicted in the
next three figures, showed that viral load and
the infected hepatocytes stay below the detected
levels while the healthy hepatocytes continued to
grow:

4 Conclusion

We have presented and used methodologies from
optimal control theory to design and synthesize
an open-loop control based treatment regimen for
HCV dynamics. The HCV model is subjected

to multiple (IFN and ribavirin) drug treatments
as controllers. We demonstrated through numer-
ical simulations that by using a ”target track-
ing” approach, optimal treatment strategies can
be designed to successfully cure a patient with
HCV (SVR). The optimal treatment strategy fol-
lowed the pattern of on-off schedule known in
the HIV community as structured treatment in-
terruption. It should be emphasized that this
same patient when subjected to a continuous
treatment regimen only showed partial virologic
response (PVR). The potential for an optimal
treatment approach for HCV patients is very ex-
citing, but more work is necessary before it can
be implemented in clinical settings. For example,
more research is needed to incorporate the effects
of drug resistance and mutation as well as more
accurate mathematical models of HCV dynamics
that include the immune response.
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