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Abstract

In functional magnetic resonance imaging (fMRI), the general linear model test (GLMT) is widely used for brain activation detection.

However, the GLMT relies on the assumption that the noise corrupting the data is Gaussian distributed. Because the majority of fMRI studies

employ magnitude image reconstructions, which are Rician distributed, this assumption is invalid and has significant consequences in case

the signal-to-noise ratio (SNR) is low. In this study, we show that the GLMT should not be used at low SNR. Furthermore, we propose a

generalized likelihood ratio test for magnitude MR data that has the same performance compared to the GLMT for high SNR, but performs

significantly better than the GLMT for low SNR.

D 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Functional magnetic resonance imaging (fMRI) is a

well-known imaging technique to visualize functional

activity in the human brain. The aim of fMRI is to

determine regions in the brain that show significant neural

activity upon stimulus presentation by statistically analyz-

ing a sequence of MR brain images acquired over time. In

the past, many statistical tests have been proposed for the

construction of statistical parametric maps (see, e.g., Ref.

[1] for an overview). Most of these tests are applied to

magnitude MR images, because magnitude images have the

advantage to be immune to incidental phase variations due

to various sources. However, because magnitude images

are obtained by computing the magnitude of complex

valued, Gaussian-distributed images, they are known to be

Rician distributed [2,3]. Nevertheless, standard tests based

on magnitude data generally rely on the assumption that

these data are Gaussian distributed, which is a valid

assumption only when the signal-to-noise ratio (SNR) is
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high. However, by pursuing fMRI image data with a

sufficient SNR, spatial resolution is generally compro-

mised. Therefore, it is of great interest to develop reliable

methods that would work also on low SNR fMRI data to

detect small intensity variations generated by neural

activation [4]. This would allow to correctly process fMRI

series with higher spatial resolution or fMRI images with a

large degree of signal dropout [5].

In the past few years, generalized likelihood ratio tests

(GLRTs) were developed to account for low SNR fMRI

data [5–7]. These tests are based on complex valued data

in which the phase in each voxel is described by a constant

phase model [5,6] or a general linear model [7]. However,

it has recently been shown that GLRTs based on complex

valued data are very sensitive to (even small) errors in the

phase model [8]. Moreover, for an increasing number of

parameters in the phase model, the detection rate of those

GLRTs drops drastically. Hence, tests based on magnitude

data instead of complex valued data are likely to perform

better, at least if the correct probability density function

(PDF) of the data is taken into account [8].

The most popular test currently applied to fMRI data is

the general linear model test (GLMT) [9]. The GLMT is in

fact a GLRT under the assumption of Gaussian-distributed

noise. It is to be expected that the performance of the test
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will suffer from the inaccuracy of the Gaussian approxi-

mation (especially for low SNR). In this paper, an

alternative GLRT is proposed, which fully exploits the

knowledge of the Rician distribution of the magnitude data

and is therefore expected to be more reliable.

The paper starts with a brief review of the general

theory for the construction of a GLRT. Next, the theory is

applied to derive the GLMT as well as the GLRT for

magnitude MR data that fully exploits the knowledge of

the Rician distribution. The performance of this GLRT is

compared to that of the GLMT. In this way, the sensitivity

of the GLMT to the non-Gaussian distribution of the

magnitude data is evaluated.
2. A general description of GLRTs

Let m=(m1,. . ., mN)
T be an N�1 random sample vector

with joint PDF pm(x; h), in which h=(h1,. . ., hk)
T denotes

the vector of unknown parameters and x=(x1,. . ., xN)
T

represents the vector of variables corresponding to the

random sample vector m2. Suppose that we wish to test the

composite null hypothesis:

H0 : h1 ¼ h01;
: : :; hr ¼ h0r ; hrþ1;

: : :; hk ð1Þ

where h1
0,. . .,hr

0 are known and hr+1,. . ., hk are left

unspecified against the alternative composite hypothesis

H1 under which all parameters h1,. . ., hk are left

unspecified.

Next, consider a set of observations m=(m1,. . ., mN)T,

and suppose that we substitute these observations for the

corresponding variables x in the joint PDF of m. The

resulting function is the so-called likelihood function

L(h; m). Then the generalized likelihood ratio (GLR) k is

defined as [10]:

kuk mð Þ ¼

sup
h1;

: : :
;hk

Lðh1;: : :; hk ;mÞ

sup
hrþ1;

: : :
;hk

Lðh01;
: : :; h0r ; hrþ1;

: : :; hk ;mÞ
ð2Þ

The denominator of k is the likelihood function

evaluated at the maximum likelihood (ML) estimates of

the unknown parameters under H0, whereas the numerator

is the likelihood function evaluated at the ML estimates of

the unknown parameters under H1. Note that k is a function

of the observations m only. If these observations are

replaced by their corresponding random variables m, then

we write _k for k. The GLRT principle now states that H0 is

to be rejected if and only if the sample value k of _k satisfies

the inequality kzk0 where k0 is some user-specified

threshold.
2 In what follows, random variables are underlined, small bold

characters denote vectors and capital bold characters denote matrices.

The superscript T denotes matrix transposition.
It can be shown that, asymptotically (i.e., for NYl),

the modified GLR statistic 2 ln _k possesses a vr
2

distribution, that is, a v2 distribution with r degrees of

freedom, when H0 is true [11,12]. If the model is linear in

the parameters and the noise is Gaussian distributed, this

not only holds asymptotically, but also for a finite number

of observations. Knowledge of the statistic’s PDF allows

one to compose GLRTs with a desired false alarm rate.

The false alarm rate Pf is defined as the probability that the

test will decide H1 when H0 is true. The false alarm rate is

also known as the significance level of the test [12]. The

detection rate Pd is defined as the probability that the test

will decide H1 when H1 is true. Furthermore, a test has the

so-called constant false alarm rate (CFAR) property if the

threshold required to maintain a constant Pf can be found

independent of the SNR, which is usually unknown

beforehand. As follows from above, GLRTs will have the

CFAR property at least asymptotically.
3. Generalized likelihood ratio tests for magnitude

fMRI data

In this section, we apply the theory described in the

previous section to construct GLRTs for functional magni-

tude MR data. Thereby, we will consider the problem of

testing whether the response of a magnitude MR data set

m=(m1,. . ., mN)
T of sample size N to a known reference

function r =(r1,. . ., rN)
T is significant. Thereby, the

noiseless magnitude data set is assumed to be described

by the following N�1 deterministic signal vector:

z ¼ a1þ br ð3Þ

with 1 an N�1 vector of ones. Hence, z is a constant

baseline on which a reference function r with amplitude

b is superimposed. In the absence of activity, b=0, so

that zua1. We will consider the problem of testing the

hypothesis that b=0 (H0) against the hypothesis that

bp0 (H1).

In what follows, to simplify the discussion, it will be

assumed that the noise variance r2 is known. This is

usually a valid assumption, because the noise variance can

mostly be estimated independently with high accuracy and

precision [13,14]. In Section 3.1, we will derive a GLRT

based on the assumption of Gaussian-distributed data, which

will lead to the well-known GLMT. Next, in Section 3.2, we

will derive a new GLRT based on Rician-distributed data.

3.1. Generalized likelihood ratio test based on

Gaussian-distributed data

In what follows, it is assumed that the magnitude data

can be described as

m
P

¼ zþ e
P

ð4Þ

with e an N�1 vector of which the components are zero

mean, Gaussian-distributed noise with variance r2. Under



A.J. den Dekker, J. Sijbers / Magnetic Resonance Imaging 23 (2005) 953–959 955
this assumption, the likelihood function of the data is

given by

L z;mð Þ ¼
1

2pr2

�N
2

e
ÿ 1

2r2
jjmÿzzjj2

 

ð5Þ

Closed form expressions for the maximum likelihood

estimators (MLEs) of the unspecified parameters can easily

be derived [15].

Under H0, in which z=a1, the MLE â0 of the parameter

a is given by

â
P
a
P0

¼
1

N
m
P

T
:1 ð6Þ

Under H1, in which z=a1+br, the MLEs â1 and b̂ of the

parameters a and b are given by

â
P
a
P1

b̂
P
b
P

!

¼ X
T
X

ÿ �ÿ1
X

T
m
P

 

ð7Þ

with X an N�2 matrix given by X=(1 r).

From Eqs. (2) and (5), and using Eqs. (6) and (7), a

closed form expression for the modified GLR statistic can

be obtained:

2lnk
P

¼
1

r2
jjm
P

ÿ â
P
a
P0

1jj2 ÿ jjm
P

ÿ â
P
a
P1

ÿ b̂
P
b
P

rjj2
ih

ð8Þ

It can be shown that Eq. (8) will possess an v1
2

distribution under H0 [16]. This allows one to select a

proper threshold so as to achieve a desired false alarm rate.

Moreover, this means that under the assumption of

Gaussian-distributed data, the test under concern will

possess the CFAR property. In what follows, the test

described in this subsection will be called the GLMT.

3.2. Generalized likelihood ratio test based on

Rician-distributed data

Next, we will no longer assume that the magnitude data

are Gaussian distributed. Instead, we will exploit the fact

that we know that the magnitude data are Rician distributed.

The Rician PDF of magnitude data with deterministic signal

component z and noise variance r2 is given by [2]

pm
P

xjzð Þ ¼
x

r2
e
ÿx2þz2

2r2 I0
zx

r2

�

� xð Þ
�

ð9Þ

where I0 is the zeroth order modified Bessel function of the

first kind. The unit step Heaviside function e(.) is used to

indicate that the expression for the PDF of x is valid for

nonnegative values of x only. Then, the likelihood functions

for the Rician-distributed data under H0 and H1 are given by

L a;mð Þ ¼ j

N

n¼1

mn

r2
e
ÿ

m2nþa2

2r2 I0
mna

r2

��

ð10Þ

L a; b;mð Þ ¼ j

N

n¼1

mn

r2
e
ÿ

m2nþðaþbrnÞ
2

2r2 I0
mnðaþ brnÞ

r2

��

ð11Þ
respectively, and the likelihood ratio test statistic is

given by

k
P

¼

sup
a;b

L a; b;m
P

ÿ �

sup
a

L a;m
P

ÿ �
ð12Þ

The modified test statistic 2 ln _k is then asymptotically

v1
2 distributed under H0. Unfortunately, no closed form

expression for the test statistic [Eq. (12)] can be derived.

Hence, _k is found by numerical optimization.
4. Simulation results and discussion

Monte Carlo simulation experiments were set up to

evaluate the performance of the GLMT and the Rician PDF-

based GLRT. For this purpose, numerous realizations of N

Rician-distributed magnitude time series were generated of

which the deterministic signal components are described by

Eq. (3).

In the majority of reported functional human brain

mapping studies using fMRI, blocks of rest and activation

images are scanned periodically. Typically, a number of

frames are acquired while the subject is at rest or under

some baseline condition. This is followed by a number of

activation frames during which the subject is receiving a

sensory stimulus or performing a specified motor or

cognitive task. This pattern is then repeated for a number

of cycles. The activation-baseline pattern can be represented

by a periodic rectangular waveform with values of +1 and

ÿ1 representing activation and baseline conditions, respec-

tively [17]. For this reason, for the sake of simplicity, a

square wave was chosen as a reference function in our

experiments. Note, however, that the theory presented in

this paper, as well as the conclusions drawn therefrom,

easily generalize to an arbitrary reference function.

In our simulation experiments, the reference function r,

as given in Eq. (3), was chosen to be a square wave

fluctuating between ÿ1 and +1 with period 20. The true

baseline parameter a was fixed to 10. The true parameter b

of the reference function r was fixed to 1. The standard

deviation r of the noise was varied from 0.1 to 10. Hence,

the average SNR of the fMRI time series, defined as a/r,

ranged from 100 to 1. For each set of parameters, the CFAR

property as well as the detection rates of the tests described

above was evaluated, which will be described in Sections

4.1 and 4.2, respectively. For numerical optimization, while

running the GLRT test, the routine Amoeba from Numerical

Recipes was employed [18].

4.1. CFAR property

First, simulation experiments have been conducted so as

to find out to what extent the tests under concern have the

CFAR property, that is, whether a specified false alarm rate

Pf could be achieved irrespective of the SNR. The reason

for this is that tests that do not have the CFAR property are

of little practical use, because the SNR is unknown



Fig. 1. For N =120 and a =10, the false alarm rate Pf is shown as a function

of r for the GLMT and the GLRT based on Rician-distributed data. For

both tests, the threshold was set to v21,0.99. Note that for the tests to have the

CFAR property, the false alarm rate Pf should be 1%, irrespective of

the SNR.
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beforehand. Although it is known that the GLRT has the

CFAR property asymptotically, it remains to be seen

whether this property still applies to a finite number of

observations. Moreover, the GLMT is based on the

assumption of Gaussian-distributed data, which is an invalid

assumption for magnitude data. Clearly, this may affect the

CFAR property of the test.
Fig. 2. For N =120, a =10 and Pf =1%, the detection rates Pd are shown as a fu

Results are shown for three different values of the response strength l, namely l
To test the CFAR property, simulated fMRI null data sets

were generated with no activation pattern (i.e., b=0) as a

function of r (i.e., the SNR because a is fixed). Next, the

GLMT as well as the proposed GLRT was applied to the

time series. Because no activation was presented, possible

detected activations (due to the noise) were classified as

false positives. In all experiments, the threshold of the test

statistic was set as to obtain a false alarm rate Pf of 1%. If a

test would have the CFAR property, a CFAR of 1% would

be expected as a function of r. The results of this

experiment are shown in Fig. 1.

Simulation results revealed that for numbers of observa-

tions that are representative of those available in practical

fMRI measurements, the GLRT based on the Rician

distribution has the CFAR property, at least for SNR N1.

The GLMT, on the other hand, loses its CFAR property for

relatively low SNR values (SNR b10). This loss of the

CFAR property of the GLRT was observed to be indepen-

dent of N. For N=120, Pf is plotted as a function of r for

both tests in Fig. 1. For both tests, the threshold was set to

v21,0.99, that is, the 99% quantile of the v1
2 distribution. For

each point, a sample size of 106 was employed.

Because of the lack of CFAR property of the GLMT at

low values of the SNR, it is clear that the GLMT should

never be used for low SNR fMRI time series. Indeed, if one

would like to fix the false alarm rate at, for example, 1%,
nction of r for the GLMT and the GLRT based on Rician-distributed data.

=0.02 (A), l =0.05 (B), l =0.075 (C), and l =0.10 (D), respectively.
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one is unable to set the proper threshold for the GLMT

statistic to have a false alarm rate of 1%. This is because, in

practice, the true SNR is unknown. In other words, at low

SNR, the activations detected by the GLMT are meaningless

because the false alarm rate with which the threshold set by

the user corresponds with is unknown.

4.2. Detection rate

Next, simulation experiments were run in which, for a

fixed false alarm rate, the detection rate Pd was determined

as a function of the SNR (sample size was 105). This was

done for several values of the relative response strength

l=b/a, and for N=120. In each experiment, the threshold of

both sets was set to v21,0.99. For truly v1
2 distributed test

statistics, this would lead to a false alarm rate Pf =0.01,

which is a representative value of the Pf values used in fMRI.

The results obtained from the experiments showed that

the detection rate Pd of the proposed GLRT is never smaller

than those for the GLMT. For high values of the SNR, the

detection rates do not differ significantly. For a decreasing
Fig. 3. Activation detection results of the GLMT and the proposed GLRT. Synthe

column (A, D, G) shows three regions in which functional activation was simulated

results (in terms of P values) of the GLMT and the proposed GLRT, respectively.

three values of l, 0.05, 0.075 and 0.10, shown in the first row (A–C), second ro

were 2.5, 4.0 and 5.0.
value of the SNR, however, the difference in detection rate

between the GLMT and the proposed GLRT increases. This

is shown in Fig. 2.

In order to have a visual appreciation of the difference in

detection rate, a simulation experiment was set up in which

an fMRI time series was generated as follows. First, a

synthetic, noiseless MRI image was generated using an MRI

brain simulator, which resembles to some extent real MRI

brain data (available from http://www.bic.mni.mcgill.ca/

brainweb) [19]. For each voxel, an fMRI trace was

generated using a similar activation curve as described in

the first paragraphs of Section 4. Thereby, only in the three

square zones activation was induced (see Fig. 3A) with

l=0.05, l=0.075 and l=0.10. Finally, all fMRI traces

were polluted with Rician-distributed noise with standard

deviations r=2.5, r=4.0 and r=5.0, respectively [20].

The differences in the parametric map for both the

GLMTand the GLRTcan be visually appreciated from Fig. 3.

The first column of Fig. 3 shows three square activation

regions. The second and third columns show the detection
tic MRI images are shown with activations superimposed in color. The first

. The second column (B, E, H) and third column (C, F, I) show the detection

Activation detection is done at a false alarm rate of 0.01. This was done for

w (D–F) and third row (G–I), respectively. The corresponding values of r

http://www.bic.mni.mcgill.ca/brainweb
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results of the GLMT and the GLRT, respectively. The

relative response strength for the first, second and third row

was l=0.05, l=0.075 and l=0.10, with r=2.5, r=4.0 and

r=5.0, respectively. The results are shown in terms of the

so-called P values produced by both tests. The P value is

defined as the probability that the test statistic would assume

a value greater than or equal to the observed value under the

assumption that H0 (no activation) is true [21]. In other

words, the P value is the smallest significance level at which

the null hypothesis would be rejected for the set of

observations. A small P value provides strong evidence

against the null hypothesis. In Fig. 3, the P values of

activated voxels are shown, where a voxel was labeled as

activated if it had a P value below 0.01. This means that the

P values shown range from 8.0 to 0.01. Red colors represent

stronger evidence against the null hypothesis (i.e., smaller

P values), as indicated by the color bar.

In order to generate a better impression of the detection

rate difference, a simple clustering scheme was applied to

the images shown in Fig. 3, of which the results are shown
Fig. 4. Activation detection results of the GLMT and the proposed GLRT after clu

color. The first column (A,D,G) shows three regions in which functional activation

the detection results (in terms of P values) of the GLMT and the proposed GLRT,

was done for three values of l, 0.05, 0.075 and 0.10, shown in the first row (A–C

values of r were 2.5, 4.0 and 5.0.
in Fig. 4. Thereby, a voxel was assigned the average of the

P values from activated voxels within a 5�5 neighborhood

if the number of activated voxels within that neighborhood

exceeded a specified threshold (chosen to be 9). This

clustering enhances the detection of activated areas and

removes the false positives. From the figure, it is clear that

when the SNR is relatively high, the detection rates of the

GLMT and the GLRT are comparable. However, with

decreasing values of the SNR, the detection rate of the

proposed GLRT is significantly better than that of

the GLMT.

At this point, it has to be emphasized again that in order

to compare detection rates in a fair way, the false alarm rate

of the tests under concern should be equal. As is clear from

Section 4.1, this is not the case because the GLMT lacks the

CFAR property, and therefore, the detection rates of both

tests should be interpreted with care. Nevertheless, the

results in Figs. 2–4 visualize what the detection rates would

be for the GLMT and the GLRT if the commonly assumed

v21 distribution under H0 is employed. It was observed from
stering. Synthetic MRI images are shown with activations superimposed in

was simulated. The second column (B,E,H) and third column (C,F,I) show

respectively. Activation detection is done at a false alarm rate of 0.01. This

), second row (D–F) and third row (G–I), respectively. The corresponding
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the simulation results that although the performance of the

GLRT (incorporating the Rician distribution of the data) is

always better than that of the GLMT (ignoring the non-

Gaussian distribution of the data), the difference will no

longer be significant for relatively high SNR values (N10).

This means that for high SNR values, ignoring the non-

Gaussian distribution of the noise in statistical fMRI data

analysis is rather harmless. However, the results also show

that for low SNR (b10), the GLMT loses its CFAR property

and is therefore no longer a reliable test. The GLRT on the

other hand will stay CFAR for low values of the SNR (at

least for SNRN1).
5. Conclusions

Most statistical fMRI data analyses assume a Gaussian

distribution of the data. A common approach is the GLMT,

which is in fact a GLRT under the assumption of Gaussian-

distributed data. Magnitude fMRI data, however, are

characterized by a Rician distribution. In this work, it has

been shown that if the SNR of the data is relatively high

(N10), ignoring the non-Gaussian distribution of the data

hardly affects the performance of the analysis. However, if

the SNR is relatively low (b10), not incorporating the exact

nature of the data distribution leads to suboptimal test

results. In particular, simulation results clearly show that the

commonly used GLMT does not have the CFAR property at

low values of the SNR and is therefore unreliable. On the

other hand, the proposed GLRT for magnitude fMRI data

was shown to have the CFAR property even at low values of

the SNR.
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